It is shown that a monotone operator function / defined on an open subset A of the real numbers may be extended to a monotone operator function on the convex hull of A.
Let / be a bounded real-valued Borel-measurable function denned on a Borel subset A of the real numbers. Let A be a bounded selfadjoint operator on a separable complex Hilbert space H such that the spectrum a{A) of A is contained in A. Thtn j\A) is the selfadjoint operator on H defined by (fiA)^} = f fiX)(EidX)<j>,d,y, 4, + g H, Ja(A) where E is the resolution of the identity corresponding to A.
The function/is said to be a monotone operator function on A if/(^4) < /(fi) whenever A and B are bounded selfadjoint operators on a Hilbert space H such that oiA) C A, a(fi) C A, and A < B. If / satisfies this monotonicity condition for the totality of finite-dimensional complex Hilbert spaces, then / is said to be a monotone matrix function on A.
The following characterization of monotone operator functions is essentially due to Loewner [5] . Loewner proved the theorem for monotone matrix functions; Bendat and Sherman [1] proved that a function / is monotone matrix on an open interval ia,b) if and only if /is monotone operator on (a,Zz). Let / be a monotone operator function on an open subset A of the real numbers. By Theorem 1,/is continuously differentiable on A; see also [4, p. 73]. Associated with / is the kernel K, defined on A X A by (1) Ki\,p)=mx~J^) (*#M). Ki\,\) = f'iK).
Loewner made extensive use of this kernel in his study of monotone matrix functions. The following theorem is essentially due to Loewner [5] ; see also [1] and [4] , Theorem 3. Let f be a real-valued continuously differentiable function on an open subset A of the real numbers, and let K be the kernel associated with f, as in (1) . If K is a positive matrix, then there exists a function F such that (i) F is separately holomorphic on the upper and lower half-planes, (ii) F has nonnegative imaginary part on the upper half-plane, and (iii) F may be analytically continued by reflection across A so that f(x) = F(x + iO) = F(x -iO),
x G A.
The next theorem is due to Smul'jan [7] ; it depends heavily on the work of Davis [2] , [3] on convex operator functions. The author is grateful to Professors Marvin Rosenblum and James Rovnyak for suggesting this problem.
